PONTRYAGIN DUALITY BETWEEN COMPACT AND 
DISCRETE ABELIAN INVERSE MONOIDS 
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Abstract. For a topological monoid S, the dual inverse monoid S 10 is the topological monoid of all 
identity preserving homomorphisms from S to T = {z £ C : \z\ € {0, 1}}, endowed with the compact- 
open topology. A topological monoid S is defined to be reflexive if the canonical homomorphism 8 : 
S — > S 1 ®® to the second dual inverse monoid is a topological isomorphism. We prove that a (compact 
or discrete) topological inverse monoid S is reflexive (if and) only if 5* is abelian and the idempotent 
semilattice E = {x £ S : xx — x} of S is zero-dimensional. For a discrete (resp. compact) topological 
monoid S the dual inverse monoid S® is compact (resp. discrete). These results unify the Pontryagin- 
van Kampen Duality Theorem for abelian groups and the Hofmann-Mislove-Stralka Duality Theorem 
for zero-dimensional topological semilattices. 



In this paper we unify the duality theories for abelian topological groups [I] and topological semilat- 
tices [3] and develop a duality theory for abelian topological inverse monoids. 
Let us recall that a semigroup S is 

• a monoid if it has a two-sided unit 1; 

• an idempotent semigroup if xx = x for all x € S; 

• inverse if for each x £ S there is a unique element € S such that xx~ 1 x = x and x~ 1 xx~ 1 = 

• Clifford, if S each element of S lies in a subgroup of S\ 

• abelian if xy = yx for all x, y € S; 

• a semilattice if S is an abelian idempotent semigroup. 

It is well-known that for an inverse semigroup S the set of idempotents E = {e € S : ee = e} is a 
semilattice. This semilattice will be called the idempotent semilattice of S. For each idempotent e £ S 
the set 

H e = {x € S : xx~ l = e = x~ 1 x} 

is the maximal subgroup of <S that contains the idempotent e. If S is a Clifford inverse semigroup, then 
S = {J egE-^e is the union of maximal groups and the map it : S ^ E, it : x ^ xx 1 — x 1 x, is a 
homomorphism. It is known that an inverse semigroup S is Clifford if and only if xx -1 = x~ l x for all 
x 6 S. An abelian semigroup is Clifford if and only if it is inverse, see [3 II. 2]. 

A topological inverse semigroup is an inverse semigroup S endowed with a topology making the 
multiplication S 2 — > S, (x,y) i— >• xy, and the inversion S — > S, x i-> continuous. A topological 
inverse monoid is a topological inverse semigroup with a two-sided unit 1. All topological spaces 
considered in this paper are Hausdorff. 

The class of topological inverse monoids includes all topological groups and all topological semilattices 
with a unit. An important example of an abelian topological inverse monoid is the compact subset 

T = {z£C: \z\ G{0,1}} 
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of the complex plane endowed with the operation of multiplication of complex numbers. The inverse 
monoid T can be written as the union T = TU{0,1} of the topological group 

T = {z G C : \z\ = 1} 

and the topological semilattice {0, 1} endowed with the operation of minimum. 

A function h : S — > M between monoids is called a monoid homomorphism if h(l) = 1 and h(xy) = 
h(x)h(y) for all x,y £ S. 

For a topological monoid S by S 10 we denote the space of continuous monoid homomorphisms S — > T, 
endowed with the compact-open topology. Endowed with the operation of pointwise multiplication of 
homomorphisms, S is an abelian topological inverse monoid. The monoid S is called the dual inverse 
monoid of the topological monoid S. It contains a closed subgroup 

S° = {h G S : h(S) C T} 

called the dual group of S and a closed idempotent submonoid 

S : = {h G S : h(S) C {0,1}} 

called the dual idempotent monoid of S. It is easy to see that S : coincides with the idempotent 
semilattice of the inverse semigroup S* . 
Observe that 




S° if S is a group; 

S : if S is an idempotent monoid. 



The following property of the dual inverse monoid is immediate: 

Proposition 1. For any topological monoid S the dual inverse monoid S is an abelian topological 
inverse monoid whose idempotent semilattice is zero-dimensional and coincides with the dual idempotent 
monoid S : . 

The zero-dimensionality of the dual idempotent monoid S'- follows from the fact that it embeds into 
the function space Ck(S, {0, 1}) endowed with the compact-open topology. The latter function space is 
zero-dimensional. We recall that a topological space X is zero- dimensional if closed- and-op en subsets 
form a base of the topology of X. 

Any continuous monoid homomorphism h : S — >■ M between topological monoids induces a continu- 
ous monoid homomorphism 

h : M Q — )■ S Q , h :/(-)• foh 

called the dual homomorphism of h. Now we see that (-) is a contravariant functor from the category of 
topological monoids and their continuous monoid homomorphisms to the category of abelian topological 
inverse monoids and their monoid homomorphism. 
For a topological monoid S the map 

6s : S ->• S 00 , 5 S : x ^ 5 s (x) where 5 s (x) : h !->■ h(x) for h G S 

is a monoid homomorphism called the canonical homomorphism of S into its second dual inverse monoid 
S 00 . 

By analogy we can define the canonical homomorphisms 

5 S : S -> S°° and 5 S : S ->■ 

of S into its second dual group and second dual semilattice. If S is clear from the context, we shall 
omit the subscript and write 5 instead of 5s- Now we define a principal notion of this paper. 

Definition 1. A topological monoid S is called reflexive if the canonical homomorphism 5s ■ S — > S 00 
is a topological isomorphism. 
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If S is a group, then 5 00 = 5°° and thus S is reflexive if and only if the canonical homomorphism 
5 : S — > S°° to the second dual group is a topological isomorphism, which means that S is reflexive in 
the usual sense [I]. A similar fact holds if S is an idempotent monoid: since S 00 = S", S is reflexive 
if and only if the canonical homomorphism 5 : S — > S" is a topological isomorphism. 

Now we are able to formulate the duality theorems for abelian topological groups and abelian idem- 
potent topological monoids. The following Duality Theorem is classical and can be found in [3]. 

Theorem 1 (Pontryagin - van Kampen). (1) A topological group G is reflexive (if and) only if G 
is abelian (and locally compact). 
(2) If a topological group G is compact (resp. discrete), then its dual group G° = G Q is discrete 
(resp. compact). 

A similar Duality Theorem for zero-dimensional topological idempotent monoids was proved by 
Hofmann, Mislove, and Stralka [3]. 

Theorem 2 (Hofmann - Mislove - Stralka). (1) A topological idempotent monoid S is reflexive (if 
and) only if S is abelian and zero-dimensional (and S is either discrete or compact). 
(2) If a topological idempotent monoid S is compact (resp. discrete), then its dual idempotent 
monoid S'' = S Q is discrete (resp. compact). 

Now our strategy is to unify these two Duality Theorems and prove a Duality Theorem for abelian 
topological inverse monoids. First we generalize the second parts of Duality Theorems Q] and [2j 

Theorem 3. // a topological monoid S is discrete (resp. compact), then its dual inverse monoid S & is 
compact (resp. discrete). 

Next, we characterize the reflexivity in the classes of compact or discrete topological monoids. 

Theorem 4. A compact or discrete topological monoid S is reflexive if and only if S is an abelian 
topological inverse monoid with zero- dimensional idempotent semilattice E. 

Theorems [3] and U] imply the following duality between compact and discrete reflexive topological 
inverse monoids. 

Corollary 1. A reflexive topological monoid S is compact (reps, discrete) if and only if its dual inverse 
monoid S & is discrete (resp. compact). 

It turns out that under some restrictions on the maximal semilattice and maximal groups, the 
reflexivity of an abelian topological inverse monoid is equivalence to its compactness. 

Theorem 5. Let S be an abelian topological inverse monoid with compact zero- dimensional idempotent 
semilattice E and compact maximal groups H e , e € E. The topological monoid S is reflexive if and 
only if S is compact. 

Finally, we present two examples showing that (in contrast to Theorem [1]) Theorem [3] cannot be 
generalized to locally compact topological inverse monoids. 

Example 1. Consider the convergent sequence E\ = {1} U {1 — ^ : re G N} C M endowed with the 
semilattice operation x ■ y = max{x,y}, and the 2-element cyclic subgroup C2 = {—1,1} of T. The 
product Ei x C2 is an abelian compact inverse monoid and S = (E\ x C2) \ {(1, —1)} is a submonoid of 
E\ x C2. It is clear that S is locally compact and not compact, the maximal semilattice E = E\ x {1} 
of S is compact and all maximal subgroups H e = S fl ({x} x C2), e = (x, 1) € E, are compact. By 
Theorem [5] the (locally compact) topological monoid S is not reflexive. 

Example 2. Consider the convergent sequence Eq = {0} U : n € N} endowed with the semilattice 
operation x-y = min{x, y}. On the product S = Eq x C2 consider the commutative semigroup operation 



(t,x) ■ (s,y) 



(t, x) if t < s, 
< (s,y) if t > s, 
(i, xy) if t = s. 
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Endow S with the topology that induces the original topology on Eq x {1} and the discrete topology 
on £o x {-!}■ It is clear that the obtained topological space S is locally compact but not compact. 
Also, the idempotent semilattice E = Eq x {1} is compact and all maximal subgroups H e = {x} x C2, 
e = (x, 1) G E, are compact. By Theorem^ the (locally compact) topological monoid S is not reflexive. 
It can be shown that the canonial homomorphism 5 : S — > S GG is bijective and the second dual monoid 
5 0Q is compact and can be identified with S endowed with the product topology of Eq x C2. 

1. Some Lemmas 

In this section we prove several lemmas that will be used in the proof of Theorem [U 
First we find a topological condition on the topological monoid S guaranteeing that the canonical 
homomorphism 5s '■ S — > S QQ is continuous. We recall that a topological space X is a k-space if a 
subset F C X is closed in X if and only for any compact subset K C X the intersection K n F is closed 
in K. The class of fc-spaces includes all regular locally compact spaces and all metrizable spaces, see 

m §3.3]. 

Lemma 1. If a topological monoid S is a k-space, then the canonical homomorphism 5s ■ S — » S GQ is 
continuous. 

Proof. By definition, the compact-open topology on the second dual inverse monoid <S 00 is generated 
by the sub-base consisting of the sets 

[K, U] = {/i G S QQ : n(K) C £7} 

where K is a compact subset of S & and U is an open subset of T. So, the continuity of 5s will follow 
as soon as we check that for any compact K C S Q and open U CT the set 

S^dK, U]) = {x G S : V/i G K h(x) € U} 

is open in S. Given any point x G 5$ 1 ( [K, U]), we should find a neig hborhoodO(x) C S^^K, U}). Since 
the calculation map c x : S e — > T, c x : h i-> h(x), is continuous, the set K(x) = {h{x) : h G C U is 
compact. Consequently, e = inf{|z — y\ : z G K(x), y G T \ J7} is positive. 

By the Ascoli Theorem 8.2.10 [2], the compact subset K of 5® is equicontinuous. Consequently, the 
point x has a neighborhood O(x) C S such that \h{x) — h(x')\ < e for all x' G 0(x) and /i G K. Now 
the choice of e guarantees that h(x') G U and thus O(x) C S^^K, XJ\) witnessing that the latter set is 
open in S. □ 

For an inverse semigroup S its idempotent semilattice will be denoted by E(S) or just E if 5 is 
understood from the context. 

Lemma 2. Let E be the idempotent semilattice of a Clifford topological inverse monoid S and i : E — > S 
be the identity inclusion. The dual homomorphism v : S : — > E : , v : h 1— > h o % = h\E, is a topological 
isomorphism. 

Proof. The inverse to v is the dual map 

7T : E' — > S : , 7r : : h 1— > h o 7r, 

to the homomorphism 7r : S 1 — > 7r : x 1— > xx _1 = The equality v o 7r : = id#: follows from 

ir o i = idE- To show that 7r o r = id^:, take any homomorphism ft £ 5 : and a point x £ S. Observe 
that /i(S') C {0, 1} implies that 

h o 7r(x) = h{xx^ v ) = h(x)h(x)^ 1 = h(x) 
and thus h = ho ir = 7r : o v(h). □ 

Since for an inverse semigroup S the idempotent semilattice of S Q coincides with S : , Lemma 
implies: 
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Corollary 2. For any Clifford topological inverse monoid S and the identity inclusion i : E(S) — > S 
the dual homomorphism i e : S Q — > E(S) Q maps isomorphically the idempotent semilattice E(S e ) of 
S Q onto E(S) G = E(S) : . 

Lemma 3. For any topological monoid S the composition 5$ o 5 s q of the homomorphisms 

<5 S0 5f 

— geee > go 

equals the identity homomorphism of S G . 

Proof Given any homomorphism h G S , we need to check that 5g(5 S Q(h)) = h. Let H = 5 s q(H) and 
note that for any fi G S && H(/i) = n(h) by the definition of the canonical homomorphism 5 s q : S Q —> 
S QQQ . In particular, for any x G S we get 

H(5s(x)) = (5 s (x))(h)=h(x) 

where the latter equality follows from the definition of 5s- By the definition of the dual homomorphism 

<5f : S 000 -> S Q , we get 

5°(5 sG (h))(x) = 51(H) = H(5 s (x)) = h(x) 
and hence 5g(5 s e(h)) = h. □ 

Let 5 be a Clifford topological inverse semigroup and E be its idempotent semilattice. For each 
element e £ E consider the upper cone fe = {/ E E : / > e}. Here we endow E with the partial order: 
e < / iff ef = e. It is clear that for each e G E the upper cone fe is closed in E. An idempotent e£fi 
will be called locally minimal if the upper cone fe is open in E. This is equivalent to saying that e is 
the smallest element of some neighborhood of e in E. The following lemma can be easily derived from 
Theorem II. 1.12 of [3]. 

Lemma 4. Let S be a compact zero- dimensional topological semilattice. For any point e G E and a 
neighborhood 0(e) C E of e there is a locally minimal element e' G 0(e) such that e' < e. 

Finally we describe a very useful construction of extension of a homomorphism h : H e — > T from a 
maximal subgroup H e of a Clifford inverse semigroup S to a homomorphism h : S T. 

For each locally minimal idempotent e£E consider the homomorphism A e : H° — > S Q assigning to 
each homomorphism h : H e — > T the monoid homomorphism A e h G S" defined by 



k e h : x h-> 




if xe G -ff e 
otherwise. 



The local minimality of e guarantees that so-defined homomorphism A e h is continuous. 

2. Proof of Theorem [3] 

We divide the proof of Theorem [3] into two lemmas. 

Lemma 5. If S is a discrete topological monoid, then its dual inverse monoid S & is compact. 

Proof. Since S is discrete, the compact-open topology on the dual inverse monoid S G coincides with 
the topology inherited from the Tychonov product T s under the identity inclusion S G — > T s . Being a 
closed subset of the compact Hausdorff space T s , the dual inverse monoid 

S Q = {heT s : h(l) = 1 and \fx, y G S h(xy) = h(x)h(y)} C T s 

of S is compact. □ 

The "compact" part of Theorem [3] is a bit more difficult. 

Lemma 6. If S is a compact topological monoid, then its dual inverse monoid S Q is discrete. 
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Proof. Consider the homomorphism 

p:S^t sQ , p:x^(f(x)) f€SQ . 

By the continuity of p, the image S = p(S) of S is a compact submonoid of the topological inverse 
monoid T . Since for each element x G S the inverse x of x in the inverse semigroup t s ° lies m 
the closure of the set {x n : n G N} C S, S is an inverse subsemigroup of T 5 ° . 

It follows from the definition of S that for each continuous monoid homomorphism h : S — > T there 
is a unique continuous monoid homomorphism h : S — > T such that h = h o p. This implies that the 
dual inverse monoids S & and S Q are topologically isomorphic. The following lemma implies that for 
the compact abelian topological inverse monoid S the dual inverse monoid S G = S Q is discrete. □ 

Lemma 7. Let S be an abelian topological inverse monoid with compact idempotent semilattice E. If 
for each locally minimal idempotent e G E the maximal subgroup H e is compact, then the dual inverse 
monoid S Q is discrete. 

Proof. To see that S & is discrete, fix any homomorphism h G S G and consider the closed-and-open 
subsemilattices Ei = E n h (i), i G {0,1}, of the compact semilattice E. Being compact, the sub- 
semilattice E\ has the smallest element e, which is locally minimal in E as E\ = \e is open in E. By 
our assumption, the maximal subgroup H e = {x G S : is -1 = e} is compact. By the Pontryagin-van 
Kampen Duality Theorem[Q the dual group H° is discrete. Consequently, the singleton {h\H e } is open 
in H°. It follows that 0(h) = {/ G 5° : f\E C {0}, f\H e = h\H e } is an open neighborhood of h in 
the compact-open topology of S. It remains to check that U = {h}. Indeed, take any homomorphism 
/ € U and a point x G S. If xx _1 G i?o> then = f(xx~ 1 ) = f(x) ■ (f(x))^ 1 and hence /(x) = = h(x). 
If xx" 1 G -Ei, then xe G -ff e and thus 

f(x) = f{x) ■ 1 = f(x)h(e) = f(x)f(e) = /(xe) = h(xe) = h(x) ■ 1 = h(x), 

witnessing that f = h. □ 

3. Proof of Theorem 3] 
We divide the proof of Theorem [4] into two lemmas. 
Lemma 8. Each abelian discrete topological inverse monoid S is reflexive. 

Proof. We need to show that the canonical homomorphism 5s ■ S — > S QQ is a topological isomorphism. 
By Theorem [3l the dual inverse monoid S G is compact and the second dual S QQ is discrete. So, it 
suffices to check that 5s is bijective. 

Consider the homomorphism it : S — > E, ir : x \— > xx" 1 = x _1 x that retracts S onto its idempotent 
semilattice E. 

To show that the canonical homomorphism 5s is injective, take any two distinct points x,y G S and 
consider the idempotents tt(x) and n(y). If these idempotents are distinct, then by the Hofmann- 
Mislove-Stralka Duality Theorem [21 there is a monoid homomorphism h : E — > {0, 1} such that 
h(ir(x)) ^ /i("7r(y)). Then the homomorphism hon belongs to S Q and 

5s(x)(h o 7r) = h o 7r(x) ^ ho tt(u) = 5s(y)(h o 7r), 

witnessing that 5s(x) ^ 5s(y). 

Next, assume that ir(x) = vr(y). In this case the points x, y belong to the maximal subgroup H e 
of the idempotent e = xx _1 = By the Pontryagin-van Kampen Duality Theorem [TJ there is a 

group homomorphism h : H e — > T such that h(x) ^ h(y). Since E is discrete, the element e is locally 
minimal and hence it is legal to consider the extension A e h G S & of h discussed in Section [TJ For the 
homomorphism A e h we get: 

5 s (x)(A e h) = A e /i(x) = h(x) ^ h(y) = A e h(y) = 6 s (y)(A e h), 
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witnessing that 5s (x) ^ 5s(y)- After considering these two cases, we conclude that the canonical 
homomorphism 5 is injective. 

Next, we show that 5 : S — ¥ S 0& is surjective. Fix any element fi £ S 100 . The homomorphism 
tt : S — > E, tt : x i— > induces the dual homomorphism 7r : E Q — > S Q and the second dual 

homomorphism 7r 00 : S 100 — > E QQ . By Hofmann-Mislove-Stralka Theorem [21 the discrete idempotent 
monoid E is reflexive and thus is topologically isomorphic to its second dual idempotent monoid E :: = 
E &Q . Consequently, the element 7r 00 (//) coincides with the image 5e (e) of some idempotent e € E 
under the canonical homomorphism 5e ■ E — > £) 00 = E 1 ". It follows that for any homomorphism h 6 E' 
we get /j,(h o 7r) = /i(e). 

Now consider the maximal subgroup -ff e C S*. Since e is locally minimal, it is legal to consider the 
continuous homomorphism A e : H° — > S & discussed in Section [TJ Then the composition /UoA e : H° —> T 
is a continuous semigroup homomorphism. We claim that /jloA(H°) C T. Since fioA(H°) is a subgroup 
of T, it suffices to check that [/, o A e (l) = 1 for the trivial homomorphism 1 : H e — > {1} C T. Since 
A e l = (A e l) o it, we get 

/i(Ael) = /x(A e l o tt) = (A e l)(e) = 1(e) = 1. 
Therefore, o A e : _ff| — > T belongs to the second dual group H°°. 

By the Pontryagin-van Kampen Duality Theorem HJ the discrete abelian group H e is reflexive and 
thus the homomorphism /ioA e is equal to 5h e (z) for some point z E H e . We claim that /i = 5s(z). For 
this we need to check that n(h) = h(z) for each homomorphism h € S Q . Two cases are possible. 

0) h(z) = 0. In this case h(e) = ho tt(z) = h{z) ■ h(z)^ 1 = and thus fj,(h o vr) = h(e) = 0. Since 
h = h ■ (h o 7r), we conclude that 

= |U(/t • (h O 7r)) = • o 7r) = = 

1) h{z) ^ 0. In this case h(e) = h a ir(z) = h(z) ■ h(z)^ 1 = 1 and thus n(h o tt) = h(e) = 1. Also 
/i|ff e : -fT e —> T is a well-defined homomorphism on the group H e . Let g = A e (h\H e ) € S & and observe 
that for each x £ S with 7r(x) > ewe get g(x) = h(ex) = h(e)h(x) = 1 • h(x) = h(x). Consequently, 
h ■ (g o tt) = g • (h o tt). By the choice of z, we get (j,{g) = h(z) ^ and fi(g o tt) = fj,(g ■ g^ 1 ) = 
h(z) ■ h(z)- 1 = 1. Then 

fi(h) = fj,(h) ■ 1 = (j,(h) ■ fi(g ott) = v(h ■ (g o tt)) = fi((h o tt) ■ g) = fi(h o vr) • fi(g) = 1 • h(z). 

This completes the proof of the surjectivity of the canonical homomorphism 5 : S — > S 100 . □ 

Lemma 9. Each compact topological inverse monoid S with zero- dimensional idempotent semilattice 
E is reflexive. 

Proof. We need to show that the canonical homomorphism 5s '■ S — > <S 00 is a topological isomorphism. 
By Lemma [U 5s is continuous. Since S is compact, it suffices to check that 5s is bijective. 

Take any two distinct points x,y E S. If the idempotents xx~ l ,yy~ l are distinct, then repeating the 
argument from the LemmaEl we can construct a continuous monoid homomorphism h : E — > {0, 1} such 
that 5s(x)(hoTr) ^ 5s{y)(hoTr). Next, assume that xx^ 1 = yy^ 1 . Fix two disjoint neighborhoods 0{x) 
and 0(y) of the points x, y in S and by the continuity of the semigroup operation, find a neighborhood 
0(e) C E of the idempotent e = xx~ l = yy~ x such that xO(e) C 0(x) and yO(e) C 0(y). By LemmalU 
the neighborhood O(e) contains a locally minimal idempotent e < e. The choice of the neighborhood 
0(e) guarantees that ex ^ ey. Then by the Pontryagin-van Kampen Duality Theorem [lj we can find 
a continuous group homomorphism h : H e — > T such that h(ex) ^ h(ey). Extend h to the continuous 
monoid homomorphism A e h € S . Then 

5 s (x)(A e h) = A e h(x) = h(ex) + h(ey) = A e h(y) = 5 s (y)(A e h) 

and thus 5s(x) ^ 5s(y), witnessing that the homomorphism 5 : S — > S QQ is injective. 

It remains to prove the surjectivity of the canonical homomorphism 5s ■ S —¥ S ee . Assuming that 
5 is not surjective, find a point x € S GQ \ 5(S) and consider the idempotent e = xx^ 1 of S 100 . By 
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Lemma[2j the idempotent semilattice E(S && ) of the second dual inverse monoid S* 00 can be identified 
with the second dual semilattice E ]] of E = E(S). By Hofmann-Mislove-Stralka Duality Theorem [21 
the topological semilattice E, being compact, is reflexive and thus can be identified with its second dual 
idempotent monoid E :: . Consequently, the idempotent semilattice of 5 00 coincides with 5s(E). 

Since xe = x ^ S(S) and the set 5(S) is closed in S 00 , the idempotent e has a neighborhood 
O(e) C E(S Q<I> ) such that ex ^ 5(S) for any idempotent e 6 0(e). By LemmaHJ O(e) contains a locally 
minimal idempotent e < e. Let H e be the maximal subgroup of S 100 that contains the idempotent 
e. It follows that ex E H e \ 5(S). Observe that H e n (5(5) is a closed subgroup of H e . Using the 
Pontryagin-van Kampen Duality Theorem [IJ we can find a continuous homomorphism h : H e — > T 
such that h(H e n (5(5*)) C {1}) while h(ex) ^ 1. Extend the homomorphism h to the continuous 
homomorphism h = A e h : S 0& —> T. The extended homomorphism has the property h(5(S)) C {0, 1} 
and thus h\5(S) = ho ir\5(S) while h 7^ h o vr. 

Now consider the dual homomorphism 6g : S QQQ —} S Q . It follows that 

6g(h) = h o 5s = h o 7r o 6$ = Sg {h o 7r) 

and hence 5g is not injective. 

On the other hand, by Theorem [3l the dual inverse monoid S Q of S is discrete and hence reflexive 
according to Lemma [HI Then the canonical homomorphism 5 s q : S Q —> S QQQ is a topological isomor- 
phism. By Lemma[3j the composition 5g o5 s q coincides with the identity homomorphism of S Q . Since 
5 s q is a topological isomorphism, so is the dual homomorphism 5$ : 5 1000 — > S Q . In particular, So is 
injective, which is a desired contradiction. □ 

4. Proof of Theorem [5] 

Let S be an abelian topological monoid with compact zero-dimensional idempotent semilattice E 
and compact maximal groups H e , e € E. By Lemma the dual inverse monoid S & is discrete and 
by Theorem [3j the second dual monoid S 00 is compact. If S is reflexive, then S is compact, being 
topologically isomorphic to S 100 . If S is compact, then it is reflexive by Theorem HI 
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